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Nomenclature

a = acceleration
D = drag
e = quaternion �e0; e1; e2; e3�T
g = gravity vector �0; 0; g�T
g = gravitational acceleration magnitude
HW
E = transformation matrix, Earth to wind frame

lz = normal load factor
lz = normal load factor magnitude
M = aircraft mass
N = number of nodes per trajectory
p, q, r = roll, pitch, and yaw angular rates
r = position vector �x; y; z�T
s = path length
T = thrust
t = time
v = airspeed
x, y, z = coordinate axes
x, y, z = position vector components
� = angle of attack
� = sideslip angle
� = flight-path angle
�t = segment duration
�̂ = unit vector of Frenet frame
� = bank angle
� = heading angle
� = 4 � 4 quaternion propagation matrix
~! = angular velocity cross product equivalent matrix
! = wind frame angular velocity magnitude
k � k = 2-norm
� = vector cross product
^ = unit vector

Subscripts

E = inertial flat-Earth frame, north-east-down axes

j = node
t, n, b = Frenet frame tangential, normal, and binormal axes
V = velocity frame
W = wind frame

I. Introduction

T HE aim of this Note is to present a computationally fast
point-mass inverse dynamics model capable of representing all

flight-path orientations without singularities and admitting smooth
parameterization and interpolation for use in direct methods of tra-
jectory generation for conventional fixed-wing aircraft.

Indirect methods of trajectory generation and optimization are not
currently feasible for real-time implementation by onboard aircraft
systems for the reasons given by Betts [1,2]. Direct methods,
which rely on transforming the optimal control problem into a finite-
dimensional nonlinear programming (NLP) problem, are not guaran-
teed to result in an optimal solution, but compared with indirect
methods will usually generate a near-optimal solution more robustly
(it is not necessary to solve potentially ill-conditioned combinations
of state, adjoint, and stationarity/Pontryagin conditions) and have a
larger convergence radius.

Hull [3] has classified methods for transforming optimal control
problems intoNLP problems by the set of parameterized variables. If
only control and some of the state variables are parameterized, then
numerical integrationoftheremainingstateequationsisrequired(e.g.,
bydirect shootingordirectmultiple shooting), but if all state variables
are parameterized, then explicit numerical integration is not required
(e.g., collocation, differential inclusion [4], or inverse dynamics). In
general, optimal control problems for aircraft include nonlinear path
inequality constraints and control constraints; Hull noted that path
constraints could be incorporated into shooting and collocation
methods but, in general, were only satisfied at discrete points in the
trajectory and not betweennodes.Hargraves andParis [5] described a
collocationmethod in which the defects were calculated at each node
and at the center of each segment.

Lane and Stengel [6] and Sentoh and Bryson [7] described
“inverse control” methods for designing flight control systems by
expressing the control vector as a function of the trajectory to be
tracked. Kato and Sugiura [8] described an “inverse dynamics”
approach to trajectory generation using an aircraftmodel inwhich the
state variables were calculated from the parameterized output tra-
jectory by inverting the state equations. Lu [9] described a similar
inverse dynamics approach using a point-mass model in polar
coordinates applied to a low-Earth-orbit ascent trajectory. In all of the
inverse dynamics methods, a dynamical model is required that
balances fidelity against computational load. Simple, computation-
ally cheap particle models of conventional fixed-wing flight dyna-
mics have been well known since at least the 1960s; Menon [10]
described a particle dynamical model for aircraft pursuit-evasion
modeling using Cartesian coordinates, and Lou and Bryson [11]
further investigated point-mass models for precision aerobatic
maneuvers using ��; �; T� as the control vector with spherical
coordinates for velocity and horizontal cylindrical coordinates for
position. These models all used Euler angles to represent path
orientation.

For high-maneuverability applications such as air combat or
aerobatics, the trajectory generator must process all path orientations
without singularities or ill conditioning. Unit quaternions represent
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orientations without singularities and can be smoothly interpolated.
In this work, an inverse dynamics model using unit quaternions is
introduced.

II. Unit Quaternion-Based Model

The following assumptions are applied.
Assumption 1:

v > 0 (1)

Assumption 2:

ẑW ��lz=klzk; klzk ≠ 0 (2)

Assumption 3:

�� 0 (3)

Zero wind is also assumed.
A well-known Euler-angle system with state vector �x; y; z;

v; �; ��T and control vector �ax; �; lz�T may be defined as the set of
state equations:

_x� v cos � cos� _y� v cos � sin� _z��v sin �

_v� ax _� � �lz cos�� g cos ��
v

_�� lz sin�
v cos �

(4)

with controls given by

ax � ��T �D�=M� � g sin � (5)

�� arctan

�
v _� cos �

v _� 	 g cos �

�
(6)

where arctan is defined as the four-quadrant inverse tangent, and

lz � klzk � ��v _� 	 g cos ��2 	 �v _� cos ��2�1=2 (7)

which exhibits a singularity at � �
�=2.
Although the effects of the singularity can bemitigated by suitable

implementation, the issue can be overcome by using a differentially
flat quaternionmodel that does not have the singularity and forwhich
the computational load is comparable with that of the Euler-angle
model.

A. Quaternion Model State Equations

The orthogonal transformationmatrix between flat-Earth axes and
wind axes is well known and can be expressed in both Euler-angle
and quaternion forms [12,13]. Defining a state vector �x; y; z; v; eT�T
and control vector �ax; p; q; r�T , equating corresponding elements of
the two forms of the transformation matrix, and incorporating the
quaternion kinematic equation _e��e gives the following systemof
state equations:

_x� v�e20 	 e21 � e22 � e23� (8)

_y� 2v�e1e2 	 e0e3� (9)

_z� 2v�e1e3 � e0e2� (10)

_v� ax (11)

_e��e (12)

where

�≜
1

2

0 �p �q �r
p 0 r �q
q �r 0 p
r q �p 0

0
BB@

1
CCA (13)

B. Inverse Dynamics

Let x, y, and z be parameterized by functions that are at least
3 times continuously differentiable with respect to t and

_s≜ k_rk �
��������������������������
_x2 	 _y2 	 _z2

p
(14)

�s≜ d
dt
�_s� � 1

_s
� _x �x	 _y �y	_z �z� (15)

where

ax � ��T �D�=M� 	 �g_z=_s� (16)

Using Frenet’s formulas [14], �̂t, �̂n, and an are given by

�̂ t � _r=_s; �̂n ≜ �
d�̂t
ds

(17)

a n � �_s2=���̂n � �r � �s _r =_s (18)

The velocity frame V is the flat-Earth frame rotated through � and
� only; hence,

x̂ V � _r=_s (19)

ŷ V �
�

� _y����������
_x2	 _y2
p ; _x����������

_x2	 _y2
p ; 0

�
T

(20)

ẑ V � x̂V � ŷV �
�

� _x _z
_s
����������
_x2	 _y2
p ; � _y _z

_s
����������
_x2	 _y2
p ; _x2	 _y2

_s
����������
_x2	 _y2
p

�
T

(21)

Clearly x̂W � x̂V . FromEq. (18) and because x̂W � �̂t and ẑV?x̂V
and �̂n?�̂t, then ẑV � �̂n � kx̂W , where k is a nonzero scalar; thus,
the plane containing ẑV andan is perpendicular to x̂W , and the gravity
vector in the plane is given by �g � ẑV�ẑV . From g� �0; 0; g�T and
Eq. (21),

�g � ẑV�ẑV � �g= _s2�� � _x _z; � _y _z; _x2 	 _y2 �T (22)

Therefore,

lz � an � �g � ẑV�ẑV
� �r � � �s _r =_s� � �g=_s2�� � _x _z; � _y _z; _x2 	 _y2 �T (23)

and, applying Assumption 2,

ẑW ��lz=klzk (24)

ŷ W � ẑW � x̂W (25)

The relationship between the angular velocity of a frame and the
transformation matrix is given [13,14] by the strap-down (Poisson
kinematic) equation:

~!�HW
E � _HW

E �T (26)

where HW
E � �x̂W; ŷW; ẑW�T . Equating elements on each side of

Eq. (26) gives
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pW ��ŷW � _̂zW or pW � ẑW � _̂yW (27)

qW ��ẑW � _̂xW or qW � x̂W � _̂zW (28)

rW � ŷW � _̂xW or rW ��x̂W � _̂yW (29)

Note that the first expressions of Eqs. (27–29) avoid the need to

calculate _̂yW and that p depends on r
:::
whereas ax, q, r, and the Euler-

angle model controls depend only on the first two derivatives of r.
If e is required, then it can be derived from x̂W , ŷW , and ẑW without

singularities by applying the algorithm described by Shoemake [15],
which requires no more than one square root, five multiplications,
one division, and six additions or subtractions.

III. Implementation and Example

When the model is discretized, the assumptions, path constraints,
and controls can be evaluated from analytic instantaneous values at
the nodes and from finite differences across the segments. Although
analytic values are exact except for machine errors, it is shown next
that segment-based values must also be considered.

A. Assumptions

Parameterization of r may invalidate Assumptions 1 and/or 2.
Assumption 1 is required physically for aerodynamic lift and
mathematically for excluding singularities in _�, _�, x̂W , and ẑW .
Provided that the parameterization ensures that _s�t� has a finite
number b of real roots, iterating tj  tj 	 	�t, where �1< 	 < 1 at
any node j at which _s�tj� � 0, until _s�tj�> 0, ensures that _s�tj�> 0
within at most b steps, thus avoiding the singularity at the node but
not guaranteeing that _s�t�> 0 between nodes. Given _s�tj�> 0,
8j 2 �1; N�, either applying the constraint _s�tj� 	 ax�tj��t > 0 or
using ax�tj� � �_s�tj	1� � _s�tj��=�t ensures that the assumption is
satisfied between nodes. Note that finding the zeros of _s�t�would be
computationally expensive and that adding a small quantity to _s�tj�
would introduce an unnecessary error.

For Assumption 2 (lz > 0), Eq. (7) shows that lz � 0 during “free
fall” or linear vertical flight. Apart from the Euler-angle singularity,
both the Euler-angle and quaternion models remain valid when
lz � 0, except that � and ẑW become indeterminate. Hence, for both
models, specifying that � and ẑW do not change when lz � 0 is
sufficient.

B. Path Constraints and Controls

Evaluating path constraints based only on node values is
insufficient to ensure feasibility. Consider a trajectory in which, at
nodes j � 1 and j, the rotational velocity and acceleration are zero
but the path curves between nodes (e.g., a level course reversal
occurringwholly between tj�1 and tj). The load factor in the segment
(lsegz ) exceeds the values at the nodes. Therefore node values alone are
insufficient to ensure feasibility. Interpolation between the nodes
gives the following expression for lz across each segment:

lsegz � k0:5�vj 	 vj�1�!seg�̂segn � �g � ẑV�ẑVk (30)

where

!seg � arccos� _̂xWj � _̂xWj�1�=�t

�̂segn � � _̂xWj � _̂xWj�1�=k� _̂xWj � _̂xWj�1�k

Segment-based expressions for translational and torsional
variables (e.g., T and p) and for Euler-angle model variables are
similarly straightforward.

To generate a feasible and usable trajectory, a subset of the model
state and control variables has to be transformed into the control

vector of the particular flight control system, and the physical
constraints on the particular aircraft need to be applied during
optimization, usually including constraints on �, lz, T, and p.
Although an � constraint can often, in practice, be subsumed into an
lz constraint for nonstalled flight, � is required for transformation
between the wind and body frames. Expressions for T, D, and � at
many levels of fidelity are well known (e.g., [12,13]).

C. Computational Load

To assess computational performance, each model was applied
to 19 different trajectories for which the parameterization function
types were as follows: three linear, four vertical helices, two
vertical loops, three horizontal helices, one quadratic polynomial,
five fifth-degree polynomials, and one seventh-degree polynomial.
To handle the singularity in the Euler-angle model, _�j  0 if
�j �
�=2. Each trajectory was discretized into N nodes and
run in MATLAB® on a 32-bit PC for N � 2n 	 1, n�
f17; 16; . . . ; 7g, first using the quaternion model then using the
Euler-angle model, and the CPU times were recorded. The
measurements were then repeated, but running the Euler-angle
model first. For N � 213 	 1, each trajectory was repeated
214=�N � 1� times to reduce any effects of MATLAB® CPU timer
quantization. The times included evaluating r, its derivatives, and
the inverse dynamics expressions, but excluded parameterization
setup (common to both versions), constraint evaluations, and
transforming controls to physical variables (specific to a particular
aircraft/application). Controls were calculated using analytic
derivatives at each node.

The Euler-angle inverse dynamics routine required, at worst, the
following arithmetic operations at each node: 1 square root, 3 inverse
trigonometric functions, 1 cosine, 22 multiplications, 3 divisions,
and 15 additions/subtractions. For the quaternion model the
corresponding operation count was as follows: 1 square root, 52
multiplications, 20 divisions, and 44 additions/subtractions. In each
case, no functions were evaluated more than once; assignments and
simple conditions were also performed.

Table 1 shows the mean, standard deviation, and range of the
results, from which it can be seen that the mean quaternion model
CPU time was comparable with that of the Euler-angle model.

If controls are calculated using across-segment finite differences
instead of analytic derivatives at the nodes, reductions of 12
multiplications, 2 divisions, and 6 additions/subtractions for the
Euler-angle model and 27 multiplications, 6 divisions, and 15
additions/subtractions for the quaternion model are possible.
Figure 1 shows the percentage of 2160 arbitrary trajectories, each
with time-varying angular and translational velocities, for which
segment-based controls resulted in smaller worst-case and final
position errors than node-based controls, plotted against �t. Each
trajectory was parameterized by seventh-degree polynomials, and
the state equations were numerically integrated using the
MATLAB® ODE45 function.

Table 1 Ratio of quaternion model CPU

time to Euler-angle model CPU time

N Mean Std. dev. Max. Min.

131073 0.42 0.01 0.45 0.38
65537 0.85 0.04 0.90 0.80
32769 0.95 0.02 1.00 0.91
16385 1.01 0.05 1.10 0.91
8193 1.01 0.05 1.15 0.93
4097 1.02 0.04 1.13 0.94
2049 1.03 0.06 1.14 0.94
1025 1.03 0.04 1.13 0.93
513 1.06 0.06 1.17 0.96
257 1.03 0.05 1.13 0.96
129 1.03 0.05 1.12 0.93
65 1.04 0.05 1.17 0.94
Overall 0.96 0.18 1.17 0.38
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D. Trajectory Example

Figure 2 shows the control vector produced for a vertical loopwith
a constant normal acceleration of 1 g and a constant speed of
30 ms�1, discretized into 129 nodes; ax, p, and r should be zero and
q should be constant. The error of the control vector �ax; p; q; r�T

computed using analytic derivatives is seen to be comparable to
machine precision. Repeating the calculation with varying N from
131,073 to 17 (equivalent to �t� 1:1 s) confirmed that the error
remained comparable to machine precision over this range, as
expected because the analytic control expressions are independent of
segment duration. Segment-based controls for a loop trajectory
produce, because the curvature is constant, a constant q error that
reduces as �t reduces; for N � 129 (�t� 0:15 s), the q error was

10�4 rad=s and the maximum position error was 0.2 m.

As shown in Fig. 3, the load factor varied from 0 to 2 g through the
loop; the maximum difference between the segment-based load
factor [Eq. (30)] and the node-based load factor [Eq. (23)] was
0:17 ms�2, with a mean difference of 0:015 ms�2.

IV. Conclusions

A point-mass inverse dynamics model based on unit qua-
ternion path orientation representation, which does not have the
inherent singularities of Euler-angle representation, is suitable for
evaluating aircraft trajectories when the flight path includes all
orientations. The model uses tangential acceleration and angu-
lar velocities as controls and has a linear orientation state equa-
tion. The computational speed performance of the model is
comparable with that of a point-mass model using Euler-angle
representation. When either model is discretized in an inverse
dynamics direct method, an evaluation of assumptions and path
constraints solely from analytic instantaneous values at the nodes
is not sufficient to guarantee trajectory feasibility, and values
derived from finite differences across the segments must be
considered.
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